Elementary Notions
To begin with the topic, we determine some basic notation and elementary definitions: Notation 1.1. For the following chapters, a ring is always commutative with unity. If R is a ring, A ⊂ R a subset of R, we denote (A) the ideal generated by A. Further, if M is an R-module, B ⊂ M a set, we denote by B the submodule generated by B.
Definition 1.1. Let R be a ring, I ⊂ R an ideal. I is a principal ideal :⇐⇒ ∃ a ∈ R with I = (a). Remark 1.1. This means that I is principal ⇐⇒ I = {ra | r ∈ R}. Definition 1.2. A ring R is a principal ring :⇐⇒ every ideal I ⊂ R is principal. Definition 1.3. A ring R is a principal ideal domain (PID) :⇐⇒ R is a principal ring and an integral domain.
As the title suggests, our main interest will be the study of PID's. We quickly recall the following result from Algebra I: Theorem 1.1. Let R be a principal ideal domain, r ∈ R. Then
• r is irreducible ⇐⇒ r is a prime ⇐⇒ (r) is a prime ideal ⇐⇒ (r) is a maximal ideal.
• R is a unique factorization domain.
• R is a Noetherian ring.
Proof. With the help of the extended Euclidean algorithm, it can be shown that for any (a i ) i∈I , where a i ∈ Z for all i ∈ I, ((a i ) i∈I ) is generated by gcd((a i ) i∈I ).
This example motivates the following definitions:
Remark 1.2. Since generators in principal ideals are unique up to units, this is welldefined. Definition 1.5. Let R be a ring, M an R-module, N ⊂ M a submodule, T ⊂ M a subset of M. Then the quotient of N by T is defined as
The special case 0 : R N := {x ∈ R | xn = 0 ∀n ∈ N } and is called the annihilator of N, denoted ann(N ). Proposition 1.1. Let R be a ring, M an R-module, N ⊂ M an R-submodule and P ⊂ M a subset. Then N : R P is an ideal of R. Remark 1.3. This especially implies that ann(M ) is an ideal of R.
First Results
Having determined some basic notions, we can begin the study of modules over principal ideal domains.
• r is an order of N :⇐⇒ ann(N ) = (r).
• r is an order of m :⇐⇒ r is an order of m . Notation 2.1. If N is an R-submodule of M, we denote its order o(N ).
. It follows that δ | γ, so there exists u ∈ R * with δ = uγ.
Cyclic Modules
Our first step of studying modules over PID is to study the simplest type of modules.
Definition 3.1. Let R be a ring, M an R-module, N ⊂ M an R-submodule. Then N is a cyclic submodule :⇐⇒ ∃n ∈ N such that N = n .
Remark 3.1. This implies that N is cyclic if and only if it is of the form { rn | r ∈ R} Theorem 3.1. Let R be a PID, v a cyclic R-module with annihilator (α) , N ⊂ v a submodule, β ∈ R. Then (1) The function
is an R-epimorphism with kernel (α). Further, the map
Proof.
(1) Remark 3.1 immediately implies that τ is surjective. Further, rv = 0 ⇐⇒ r ∈ ann(v), so ker(τ ) = (α). Now, consider τ and let r, r be such that r + (α) = r + (α). Then r − r ∈ (α) = ann(v). Thus τ (r) = rv = (r + (r − r))v = rv + (r − r)v = rv = τ (r), so τ is well-defined. Surjectivity follows from τ being surjective. Lastly, rv = 0 ⇐⇒ r ∈ (α) ⇐⇒ r + (α) = 0 + (α), so injectivity follows. (2) Let I = {r ∈ R | rv ∈ N }. It can easily be seen that I is an ideal. Since R is a PID, there exists s ∈ R such that I = (s). It follows that
The second statement follows immediately.
Decomposition of Cyclic Modules
The following result classifies the composition and decomposition of cyclic modules:
.., u n have relatively prime orders, then 
Free Modules over a Principal Ideal Domain
Submodules of free modules are not always free. For example Z/4Z is free as Z/4Z-module, but 2Z/4Z is a submodule that is not free. However, over PID's this cannot happen.
Theorem 5.1. Let R be a PID, M a free module over R, S ⊂ M an R-submodule of M . Then S is free with rank(S) ≤ rank(M ).
Theorem 5.2. Let R be a PID, M a free R-module of rank(M ) = n < ∞, S = {s 1 , ..., s n } ⊂ M a spanning set for M. Then S is a basis for M .
Proof. Let B = {b 1 , ..., b n } be an R-basis of M and define
is an R-submodule of τ , so by Theorem 5.1, ker(τ ) is free of rank(ker(τ )) ≤ n. So rank(ker(τ )) + rank(M ) = rank(M ), which implies rank(ker(τ )) = 0, so ker(τ ) = {0}.
In Linear Algebra, we learn that for any K-vectorspace V and K-subspace S, a basis of S can be extended to a basis of V . There is a similar result for modules over PID's.
Theorem 5.3. Let R be a PID, M a free R-module of rank n < ∞, N ⊂ M a submodule of rank(N ) = k ≤ n. Then there exist r 1 , ..., r k ∈ R\{0} and a basis B containing b 1 , ..., b k ∈ M such that S = {r 1 b 1 , ..., r k b k } is an R-basis for N.
Torsion-free and Free Modules
Definition 6.1. Let R be a ring, M an R-module. Then the torsion module of M is defined as M tor := {m ∈ M | ∃r ∈ R : rm = 0}.
Remark 6.1. The torsion module of M is always a submodule of M .
Theorem 6.1. Let R be a PID, M a finitely generated R-module. Then M is free ⇐⇒ M is torsion-free.
We can now classify the cyclic decomposition of modules over a PID.
Theorem 6.2. Let R be a PID, M a finitely generated R-module. Then
where M f ree is a free module, unique upto isomorphism, and M tor is unique.
Remark 6.2. Since M is finitely generated, its summands M tor and M f ree are as well.
Proof. We will outline the proof: M tor is a submodule of M , and M/M tor is torsion-free as R-module. Since M is finitely generated, M/M tor is finitely generated aswell. Thus, by Theorem 6.1, M/M tor is free. We conclude M = M tor ⊕ M/M tor where M/M tor is free.
Definition 6.2. Let R be a PID, p ∈ R be a prime. A p-primary module is an R-module M with o(M ) = p n for some n ∈ N.
Theorem 6.3. Let R be a PID, M a torsion R-module with order µ = p e 1 1 · ... · p en n where the p i 's are pairwise distinct nonassociate primes in R. Then (1) We have the following primary decomposition:
where
(2) The primary decomposition is unique up to the order of summands, that is if
is another primary decomposition of M , then n = m and ∀i ∈ {1, ..., n} ∃k ∈ {1, ..., m} such that
then M ∼ = N ⇐⇒ n = m and ∀i ∈ {1, ..., n} ∃k ∈ {1, ..., m} such that
Decomposition of Primary Modules
As a consequence of the previous result, we start to study primary modules.
Lemma 7.1. Let R be a PID, M an R-module, p ∈ R be a prime, S ⊂ M an R-submodule of M . Then (1) pM = {0} =⇒ M is a vectorspace over the field R/(p) with scalar-multiplication
and this scalar-multiplication is well-defined.
With this, we can characterize the cyclic decomposition of primary modules.
Theorem 7.1. Let R be a PID, M a primary finitely generated torsion R-module with order p e . Then (1) there exist v 1 , ..., v n ∈ M, e 1 , ..., e n ∈ N such that M = v 1 ⊕ ... ⊕ v n with ann( v i ) = (p e i ) ∀i and ann( v 1 ) ⊂ ... ⊂ ann( v n ) (that is e n ≤ ... ≤ e 1 = e).
(2) if M = u 1 ⊕ ... ⊕ u m is another cyclic decomposition with ann( u i ) = (q f i ) for some prime q ∈ R and ann( u 1 ) ⊂ ... ⊂ ann( u m ), then n = m, p ∼ q, ann( u i ) = ann( v i ) and e i = f i ∀i ∈ {1, ..., n}. (3) if N is a finitely generated torsion R-module with cyclic decomposition
We found a very simple example for such a decomposition:
as Z-module in a natural way. Then ord(M ) = 12, which can be decomposed as 2 2 · 3. We start off with the primary decomposition: Let From Theorem 6.3, we know we can decompose an R-torsion module into p-primary modules, which, by Theorem 7.1, can again be decomposed into cyclic modules.
Definition 7.1. Let R be a PID, M a finitely generated torsion R-module with order µ = p 
Summary
For a torsion R-module M over a PID R we have:
• M can be decomposed into a direct sum of primary submodules, and this decomposition is unique up to the order of the summands.
• Each primary submodule can be decomposed into a direct sum of cyclic submodules, such that the annihilators the cyclic submodules form an ascending chain. This decomposition and the chain of annihilators is unique.
• Two R-modules M and N are isomorphic if and only if they have the same annihilator chains.
